We construct the effective Lagrangian describing the low energy excitations for Quantum Chromodynamics with two flavors at high density. The non-linear realization framework is employed to properly construct the low energy effective theory. The light degrees of freedom, as required by 't Hooft anomaly conditions, contain massless fermions which we properly include in the effective Lagrangian. We also provide a discussion of the linearly realized Lagrangian.
I. INTRODUCTION
Recently quark matter at very high density has attracted a great flurry of interest [1] [2] [3] [4] [5] .
In this region, quark matter is expected to behave as a color superconductor [1, 2] . Possible phenomenological applications are associated with the description of neutron star interiors, neutron star collisions and the physics near the core of collapsing stars. A better understanding of highly squeezed nuclear matter might also shed some light on nuclear matter at low density, i.e. densities close to ordinary nuclear matter where some models already exist. For example, in Ref. [6] a rather complete soliton model at low density is constructed containing vector-bosons, along with the Goldstone bosons.
In a superconductive phase, the color symmetry is spontaneously broken and a hierarchy of scales, for given chemical potential, is generated. Indicating with g, the underlying coupling constant, the relevant scales are: the chemical potential µ itself, the dynamically generated gluon mass m gluon ∼ gµ and the gap parameter ∆ ∼ Massless excitations dominate physical processes at very low energy with respect to the energy gap (∆). Their spectrum is intimately related to the underlying global symmetries and the way they are realized at low energies. Indeed when the dynamics is such that a continuous global symmetry is spontaneously broken, a Goldstone boson appears in order to compensate for the breaking. Massless excitations obey low energy theorems governing their interactions which can be usefully encoded in effective Lagrangians. A well known example, in the region of cold and non-dense QCD, is the effective Lagrangian for pions and kaons.
These Lagrangians are seen to describe well the QCD low energy phenomenology [7] .
Another set of relevant constraints is provided by quantum anomalies. At zero density and temperature, 't Hooft [8] argued that the underlying continuous global anomalies have to be matched in a given low energy phase by a set of massless fermions associated with the intact global symmetries and a set of massless Goldstone bosons associated with the broken ones. The low energy fermions (composite or elementary) contribute via triangle diagrams while for the Goldstones a Wess-Zumino term should be added to correctly implement the associated global anomalies.
In [9] , the 't Hooft constraints were seen to hold for QCD at finite density. In particular, it was shown, by reviewing the dynamically favored phases for N f = 2, 3 at high density, that the low energy spectrum displayes the correct quantum numbers to saturate the 't Hooft global anomalies. It was also observed that QCD at finite density can be envisioned, from a global symmetry and anomaly point of view, as a chiral gauge theory [10, 11] for which at least part of the matter field content is in complex representations of the gauge group.
Indeed an important distinction from zero density, vector-like theories is that these theories, when strongly coupled, can exist in the Higgs phase by dynamically breaking their own gauge symmetries [10, 11] . This is also the striking feature of the superconductive phase allowed for QCD at high density. In fact at finite density, vector-like symmetries are no longer protected against spontaneous breaking by the Vafa-Witten theorem [12] .
In this paper we build the effective theory describing the low energy excitations for Quantum Chromodynamics with two flavors at high density. The non linear realization framework [13] is used to properly construct the low energy theory. The light degrees of freedom, as required by 't Hooft anomaly conditions, contains massless fermions which we properly include in the effective Lagrangian. We prove that the non linearly realized low energy effective theory, in general, contains at the lowest order in a derivative expansion for the Goldstones (i.e. two derivative) two independent terms which are responsible for distinct contributions to the gluon masses [14] when gauging the color degrees of freedom.
We finally provide a discussion of the linearly realized Lagrangian. In this framework we see, as in reference [14, 15] , that the linearly realized effective Lagrangian at the dimension four level actually predicts the squared gluon mass ratio between the eighth gluon and the other massive ones to be 4/3. This result does not agree with the underlying calculations [14] . In order to resolve the issue, in Ref. [14, 15] it was pointed out that one can include in the linear Lagrangian another two derivative term possessing mass dimension 6. This result shows the failure of the standard naive dimensional counting arguments for suppressing higher dimensional terms for the effective linearly realized effective Lagrangian. Interestingly, in the non linear realization case all the terms needed to correctly describe the gluon masses arises at the same derivative order. This fact suggests that non linear realization description leads to a consistent counting scheme.
In Section II we summarize some general features of 2 flavor QCD. The general non linear formalism for the spontaneous breaking of color is presented in Section III. We implement the breaking of the baryon number in Section IV. Then, in medium, fermions are introduced in Section V together with the summary of the low energy theory and its extension to the broken Lorentz group case. A linearly realized Lagrangian is explored in Section VI. In Section VII we conclude.
II. GENERAL FEATURES OF 2 FLAVOR QCD AT HIGH DENSITY
The underlying gauge group is SU(3) while the quantum flavor group is 
where SU(3) is the gauge group, indicated by square bracket. The theory is subject to the following global anomalies:
where we have chosen a convention for the flavor generators in which the quadratic anomaly factor is 1.
At zero density we have two possible phases compatible with the anomaly conditions. One is the ordinary Goldstone phase associated with the spontaneous breaking of the underlying global symmetry to SU V (2) × U V (1) . The other is the Wigner-Weyl phase where, assuming confinement, the global symmetry at low energy is intact and the needed massless spectrum consists of massless baryons. The Goldstone phase, associated with a non vanishingq L q R condensate, is the one observed in nature. This fact supports a new idea presented in
Ref. [11] . There it is suggested that, for an asymptotically free theory, among multiple infrared phases allowed by 't Hooft anomaly conditions, the one which minimizes the entropy at the approach to freeze-out is preferred.
What happens when we squeeze nuclear matter? At very low baryon density compared to a fixed intrinsic scale of the theory Λ, it is reasonable to expect that the Goldstone phase persists. On the other hand at very large densities, it is seen, via dynamical calculations [1, 2] , that the ordinary Goldstone phase is no longer favored compared with a superconductive one associated with the following type of quark condensates:
We can now introduce two scalar fields which play the role of order parameters:
Under a parity transformation
If parity is not broken spontaneously, we have
where we chose the condensate to be in the 3rd direction of color. This condensate is not The vev breaks the gauge symmetry while leaving intact the following group:
where [SU (2)] is the unbroken part of the gauge group. The U V (1) generator is the following linear combination of the previous U V (1) generator Q = diag(1, 1, 1) and the broken diagonal generator of the SU(3) gauge group
The S charge of the quarks with color 1 and 2 is zero.
The superconductive phase for N f = 2 possesses the same global symmetry group of the confined Wigner-Weyl phase. This remarkable feature when considering chiral gauge theories at zero density (where the superconductive phase is now a Higgs phase) is referred as complementarity. This idea was introduced in Ref. [16] where it was conjectured that any Higgs phase can be described in terms of confined degrees of freedom and vice versa.
It is convenient to introduce the fields:
On the vacuum, via (2.7), we have:
The massless excitations are associated with the fluctuations around the vacuum expectation value for V a while the fields described by A a are massive. In Ref. [17] it is argued, based on a dynamical calculation, that at very high density the A a fields might be very light and possibly relevant for the low energy phenomenology. However we will focus mainly on the truly massless excitations since low energy theorems are valid only for these fields. Low energy theorems are, in general, efficiently encoded in a non linear realization framework which we will soon construct.
III. LOW ENERGY EFFECTIVE THEORY WITHOUT BARYON NUMBER
In order to write an effective Lagrangian for 2 flavor QCD, one could, at least in principle, proceed in different ways. For example one could add a mass term for the strange quark in the 3 flavor Lagrangian. However, since the theory is not supersymmetric, an exact decoupling procedure is not known § at effective Lagrangian level. A general way, which we will explore here, to directly construct the 2 flavor effective Lagrangian makes use of the non linear realization methods [13] . The latter have been already successfully employed for the 3 flavor case at high density in [19] .
Following reference [19] , we now construct the non linearly realized effective Lagrangian containing the diquark degrees of freedom coupled to gluons.
We postpone the breaking of the baryon number and its consequences to the next section. 
It is easy to verify that the previous condition is not obeyed. Clearly, our generators should always satisfy the trivial conditions § An attempt to generalize to QCD the Seiberg decoupling procedure at the effective Lagrangian level is provided in [18] .
[S, S] = iS , 
The coset space G/H is parameterized by the group elements
where g ∈ G and h ∈ H. It is convenient to define the hermitian (algebra valued) MaurerCartan one-form 5) with D µ the covariant derivative with respect to G = SU(3) 
We decompose ω µ into the part parallel to H 8) and into the perpendicular part
Summation over repeated indices is assumed.
This yields the following transformation properties:
and
Then, it turns out that the most general invariant of second order in the derivatives is
We can immediately see, by adopting the unitary gauge (corresponding to ξ → 0), that the previous term provides a mass term for the gluons associated with the 5 coset generators, whereas the gluons G 1,2,3 remain massless. Indeed the mass term reads:
The fact that we find the same mass for all of the gluons of the broken subgroup is not surprising, since we have treated them equally. In the next section we address the problem of the baryon number and show how, in the non linear framework, this naturally leads to a distinct mass for the eighth gluon.
The massless gluons of the subgroup H confine, leaving, as we shall see, only some of the quarks as massless excitations at low energies.
IV. THE ABELIAN GROUP U V (1)
The previous discussion is not yet complete, since we have omitted the breaking of the baryon number. Indeed the group of transformations should be
The non linear transformations are now:
The U V (1) charge is Q = diag(1, 1, 1). The generator, for U V (1), leaving the vev invariant is
where we have chosen to normalize it according to Tr S 2 = 1/2. The coset space G/H is parameterized, as before, by the group elements
but now we identify the Goldstone bosons as:
We still have 5 generators {X i } which belong to the coset space G/H, but one of them needs to be modified. While X 1,2,3,4 are still identified, respectively, with T 4,5,6,7 , the coset generator which replaces X 5 = T 8 of the previous section is now
We used the orthogonality condition It is amusing to note that V transforms on the left as an ordinary quark with respect to color and U V (1) transformations. This will turn to be important when adding the fermions.
As for ordinary QCD, we can construct a field transforming linearly by using only non linearly realized fields via:
To prove that the previous expression transforms linearly we recall that the H subgroup acts on the right of V. So under a general non linear transformation we have:
(4.10)
Indeed due to Eq. (4.3) we have that h V acting on the color indices 1 and 2 is equivalent to the identity. We also have
since h is an SU(2) matrix and we have conveniently chosen the indices. Therefore, V a transforms linearly. Using the relation:
we can rewrite Eq. (4.9) in the following form:
The latter expression corresponds to the polar decomposition of the vector V a with the massive scalar field frozen to its vev value. Since the field Π 5 is associated with the X 5 generator, which is a linear combination of an abelian and of a non abelian T 8 generator, detV does not parameterize an independent field.
Expanding V up to first order in the Goldstones leads to:
(4.14)
This new field explicitly describes the vev properties. First of all, when considering the limit ξ → 0 we recover the correct vacuum, i.e. R while the non linearly transforming field is simply
If we insist in gauging the color transformations the general discussion in the previous section remains unchanged. The substantial difference is that now the most generic two derivative kinetic Lagrangian The kinetic term for the Goldstones is:
Normalizing the kinetic term we have
The square gluon mass ratio, in the unitary gauge (i.e. ξ → 0), between the eighth gluon and any other massive one now reads:
one of them appears in the Lagrangian as a higher order in mass dimension, leading to a not straightforward systematic expansion.
V. IN MEDIUM FERMIONS
Now we turn our attention to the Fermi fields. First of all, let us introduce the following field:
which under the action of the group G = SU(3) × U V (1) transforms as
This construction allows us to easily switch to the non linear representations and it is often encountered in the Heavy Quark Effective formalism [20] .
The fermion field in (5.1) can be thought as a, in medium, quark surrounded by a Goldstone cloud. Remarkably, as also required by 't Hooft anomaly conditions [9] , the newly defined (in medium) fermion possesses the unbroken U V (1) charge. The cloud (effectively included in V) correctly screens the baryonic charge.
In the new variables, one can construct two independent invariant terms
One can easily verify that the tree level lagrangian term for the quarks 4) corresponds to the linear combination of
Another invariant that we can add to the effective Lagrangian corresponds to the following Majorana mass term:
where
The invariance under aŨ V (1) transformation is due to the fact that its generatorS = diag(0, 0,
) is such that (S)
We stress that this Lagrangian term respects the underlying color transformations as well The latter Lagrangian term is similar to the meson-fermion interaction we can write in standard QCD (of the typeqUq which yields the constituent Dirac quark masses when evaluated on the vev).
At this point, for reader's convenience, we summarize the total non linearly realized effective Lagrangian describing in medium fermions, gluons and their self interactions, up to two derivatives,
Here a 't Hooft anomaly conditions [9] . As already mentioned, the SU(2) color subgroup remains unbroken and the associated 3 gluons are expected to confine again. To the previous general effective Lagrangian we should also add the gluon kinetic term.
In writing the effective low energy theory we have not yet considered the breaking of Lorentz invariance at finite density. Following Ref. [19] we impose invariance only under the O(3) subgroup of the Lorentz transformations. This amounts to have different coefficients for the temporal and spatial indices of the Lagrangian which now becomes: 
is a potential term of the general form:
with M V and λ V real parameters and the negative sign mass term has been chosen to provide a non zero vev for V
The color covariant derivative is defined as follows:
and G µ = G m µ T m is the gluon field. In constructing the previous lagrangian, we have also assumed parity invariance. The potential leads to a non vanishing vacuum expectation value for V which we choose to align in the color direction 3,
The local SU(3) gauge invariance is then spontaneously broken to the SU(2) local gauge subgroup. 5 of the 6 independent scalars contained in V a are massless. We choose the unitary gauge and absorbe the massless degrees of freedom in the longitudinal components of the 5 massive gauge fields. In this gauge we can write the fluctuations around the vacuum for V a as:
where the scalar σ is a massive real field with σ = 0. The masses of the 5 gluons are related to the condensate via: We immediately notice, as in reference [14, 15] , that the linearly realized effective Lagrangian at the dimension four level predicts the squared gluon mass ratio between the eighth gluon and the other massive ones to be 4/3. This result does not agree with the underlying calculations [14] . In order to resolve the issue in Ref. [14, 15] , it was pointed out that one can include in the linear Lagrangian another two derivative term of the form:
b is a real number. This term has mass dimension 6. At this point we cannot use, in general, the standard naive dimensional counting arguments for suppressing other higher dimensional terms for the effective linearly realized Lagrangian. Interestingly, in the non linear realization case, all the terms needed to correctly describe the gluon masses arises at the same derivative order. This fact suggests that non linear realization description leads to the correct counting scheme.
VII. CONCLUSIONS
We constructed the low energy effective theory describing Quantum Chromodynamics with two flavors at high density. In order to correctly implement the low energy theorems, we have used the non linear realization framework. An important difference with respect to the 3 flavor case is the presence, guaranteed by 't Hooft anomaly conditions, of massless fermions.
We have hence properly added the, in medium, fermions to the effective Lagrangian. Then we generalized it to the case when Lorentz invariance is broken, by medium effects, to O(3).
We also show that there are two independent two derivative terms for the Goldstone bosons (which will eventually become longitudinal components of the color gauge bosons). This is shown to be an effect related to the baryon number violation. We finally investigate the linearly realized effective Lagrangian which, in general, is useful and well defined only when describing a phase transition. Here we see, as also noted in Ref. [14, 15] , that the naive (in mass) dimensional counting rule used to naturally order the terms does not hold when confronted with perturbative dynamical calculations [14] . In contrast the non linearly realized theory provided a consistent counting scheme.
